Abstract. Recently, many authors investigated the existence of global attractors for different types of autonomous lattice dynamical systems. Within this work, we carefully study the existence of a uniform global attractor for a new class of first order non-autonomous lattice dynamical system in the Hilbert space l 2 .
Introduction
Lattice dynamical systems (LDSs) occur in a wide variety of applications in science and engineering, for instance, in propagation of nerve pulses in myelinated axons [5, 6, 20, 21] , electrical engineering [9] , pattern recognition [11, 13, 24] , image processing [14, 15, 16] , chemical reaction theory [17, 19] , etc. In each case, they have their own form, but in some cases, they appear as spatial discretizations of corresponding continuous partial differential equations (PDSs) on unbounded domains. The traveling solutions for LDSs have been examined by [4, 7, 12, 17, 29] and the chaotic properties or pattern formation properties of solutions for LDSs have been investigated by [11, 13, 24] .
The importance of studying the existence of the global attractor for a dissipative dynamical system came from the fact that the global attractor is the smallest compact set, with respect to inclusion, that is invariant, attracts all the trajectories originating from the whole phase space and sometimes it has finite dimension. However, the long-time behavior of solutions for continuous partial differential equations on unbounded domains raises some difficulty, such as well-posedness and lack of compactness of Sobolev embeddings for obtaining the existence of global attractors. Therefore it is significant to study the existence of global attractors for LDSs because of the importance of such systems, and they can be considered as an approximation to the corresponding continuous PDSs if they appear as spatial discretizations of such PDSs.
Many researchers studied the existence and upper semicontinuity of global attractors for various types of autonomous LDSs [1, 2, 3, 8, 26, 27, 28] . In [25] , the author investigated the existence and upper semicontinuity of a uniform global attractor for a first order non-autonomous LDS. Within this work we carefully study the existence of a uniform global attractor for a new class of first order non-autonomous LDSs in the Hilbert space l 2 .
Preliminaries
For any positive integer k, consider the Hilbert space
whose inner product and norm are given by
Note that the definitions and the basic theory related to the existence of uniform global attractors are given within section 4.
For τ ∈ R, we will investigate the existence of uniform global attractors for 1st order non-autonomous LDSs of the following form:
which can be written in the abstract form
Letting g 0 : R → l 2 be an almost periodic function, from [22] we know that such a function is bounded and uniformly continuous on R.
2 is the space of bounded continuous functions on R with the norm
Moreover, since g 0 : R → l 2 is an almost periodic function, by Bochner's criterion [22] , the set of translations {g
Recalling the LDS (2.3) − (2.4), within this work we assume that:
is a bounded linear operator of the following form:
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
UNIFORM GLOBAL ATTRACTORS FOR 1ST ORDER NON-AUTO LDS'S 3221
and there exist bounded linear operators
where d j,l ∈ R such that not all of them are zeros, m 0 is a positive integer, 
(A3) f is locally Lipschitz continuous from l 2 into l 2 and there exist positive constants ξ, I 0 and c 1 such
Remark 1. Here we connect the LDS (2.3) − (2.4), given above, with the LDSs presented in [25, 27] . In fact, we introduced weaker conditions on the nonlinear part of the system as we will see within this remark.
2 , ∀t ≥ 0, then the LDS (2.11)−(2.12) is consistent with the autonomous LDS (14) of [27] , where it has been assumed that
and the existence and upper semicontinuity of global attractors for such autonomous LDSs have been studied. Moreover, with q = 0 and F i = F, ∀i ∈ Z k , the LDS (2.11) − (2.12) is consistent with the non-autonomous LDS (2.1) − (2.2) of [25] , where it has been assumed that
and the existence and upper semicontinuity of uniform global attractors for such non-autonomous LDSs have been investigated.
Global solutions and absorbing sets
Following Lemma 2 of [2] , here we prove the following lemma, which is the key idea for completing our work.
Lemma 1.
There exist positive constants c 2 and c 3 such that
Proof. Using (2.9) − (2.10), there exists c 2 > 0 such that
In such a case it is enough to show that there exists c 3 > 0 such that
Recalling ( 
Similarly, for each l 1 = 1, 2, ..., m 0 − l 0 , we have
and for each l p = 1, 2, ..., m 0 − l 0 , p = 1, 2, we have
Following the same procedure which is used in (3.3) − (3.5), it follows that for each positive integer q and l p = 1, 2, ..., m 0 − l 0 , p = 1, 2, ..., q,
In fact we need to apply inequality (3.6) only for i j 0 ,l 1 +...+l q m ≤ I 0 . Hence from (3.3) − (3.6), it is clear that for sufficiently small c 3 , inequality (3.2) is correct.
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From assumptions (A2) and (A3), we know that f : l 2 → l 2 is locally Lipschitz continuous and A : l 2 → l 2 is a bounded linear operator. In such a case, following the standard theory of ordinary differential equations, for g ∈ H (g 0 ) , τ ∈ R, and u τ ∈ l 2 , there exists a unique local maximal solution u of (2.
Proof. Considering the inner product of (2.3) with u (t) in l 2 , we obtain that
Recalling assumption (A1), we get
Integrating the last inequality from τ into t, we get (3.7) .
Following (3.7), we find that the solution u of (2.3) − (2.4) is defined globally for t ≥ τ . In such a case we can introduce a family of processes
, where u is the solution of (2.3) − (2.4). By the unique solvability of (2.3) − (2.4), the family of processes {U g (t, τ )} g∈H(g 0 ) satisfies the multiplicative properties
where I is the identity operator. Moreover the following translation identity holds for the processes and the translation group {T (h)} h∈R :
Along the lines of (3.7), we get the following lemma.
Lemma 3.
In l 2 , the closed bounded ball B = B (0, R 0 ) with center 0 and ra-
is a uniform absorbing set for the family of processes {U g (t, τ )} g∈H(g 0 ) corresponding to the LDS (2.3) − (2.4) with respect to g ∈ H (g 0 ). That is, for τ ∈ R and any bounded set G, there exists a constant T = T (G, R 0 ) ≥ 0 such that
Moreover,
Uniform global attractors
Lemma 4. Given η > 0, there exist constants I = I (η) and T = T (η) such that for g ∈ H (g 0 ) , τ ∈ R, t ≥ τ , and u τ ∈ B, the solution u of (2.3) − (2.4) satisfies
Proof. Consider a smooth increasing function θ ∈ C 1 (R + , R) such that
and there exists a constant M 0 such that |θ (s)| ≤ M 0 , ∀s ≥ 0. Since g is almost periodic, the set (g i (t)) i∈Z k : t ∈ R is precompact in l 2 . Moreover g ∈ H (g 0 ), and H (g 0 ) is compact in C b R, l 2 . In such a case, given η > 0, there exists a constant M 1 = M 1 (η) (of course M 1 depends on g 0 but it is independent of g) such that u i and z = (z i ) i∈Z k . Taking the inner product of (2.3) with z in l 2 , we obtain that (4.4)
Using (2.10) , (4.1) and (4.3), we get (4.5)
can be approached by the uniform global attractors of finite-dimensional truncated ordinary differential systems.
